Transit timing variations for planets near eccentricity-type mean motion resonances by Deck, Katherine M. & Agol, Eric
DRAFT VERSION SEPTEMBER 30, 2015
Preprint typeset using LATEX style emulateapj v. 5/2/11
TRANSIT TIMING VARIATIONS FOR PLANETS NEAR ECCENTRICITY-TYPE MEAN MOTION RESONANCES
KATHERINE M. DECK1,3 AND ERIC AGOL2,4
Draft version September 30, 2015
ABSTRACT
We present a derivation of the transit timing variations (TTVs) of a pair of planets near the j:j − 2 second
order resonance on nearly circular and nearly coplanar orbits. We show that the TTVs of each planet are given
by sinusoids with a frequency of jn2 − (j − 2)n1, where n2 and n1 are the mean motions of the outer and
inner planets, respectively. The amplitude of the TTV depends on the mass of the perturbing planet, relative
to the mass of the star, and on a function of the eccentricities and longitudes of pericenter of each planet. The
phase of each sinusoid is approximately φ and φ + pi, where the phase φ also depends on the eccentricities
and longitudes of pericenter. Therefore, the situation for second order resonances is analogous to the case of
TTVs induced by two planets near a first order mean motion resonance. Degeneracies between planet masses
and eccentricities/longitudes of pericenter occur when the small phase offset from pi cannot be resolved, and
even when it can be, degeneracies persist between the two planet’s eccentricities and longitudes of pericenter.
In order to break degeneracies one must measure another, independent signal of the TTVs such as the short
period “chopping” TTV. Alternatively, we show how the second order terms can be used to break degeneracies
near first order resonances (e.g. 4:2 resonant terms near the 2:1 resonance). Lastly, we derive an approximate
formulae for the TTVs of a pair of planets near any order eccentricity-type mean motion resonance; this shows
that the same basic TTV structure holds for all eccentricity-type resonances. Our general formula reduces to
previously derived results (Lithwick et al. 2012) near first order mean motion resonances.
Subject headings: celestial mechanics - planets and satellites: dynamical evolution and stability
1. INTRODUCTION
Transit timing variations (TTVs; Miralda-Escude´ 2002;
Agol et al. 2005; Holman & Murray 2005) have proved useful
for constraining the masses and orbital elements of exoplan-
ets (e.g. Carter et al. 2012; Nesvorny´ et al. 2013; Huber et al.
2013). To date, most TTV studies have focused on pairs of
planets near mean motion resonances (MMR), and, in par-
ticular, on those near first order resonances. This is because
near resonances the small perturbations that planets impart on
each other can add coherently over time to produce a large,
detectable TTV signal, and because for low eccentricity or-
bits the “near resonance region” is largest for first order reso-
nances.
However, transit timing variation models are often plagued
by degeneracies. For a pair of planets on coplanar orbits, there
are ten free parameters. Assuming both planets transit, the pe-
riods and initial phases of the orbits are well known, leaving
six free parameters - the masses, eccentricities, and longitudes
of pericenter of the two planets. However, as derived by Lith-
wick et al. (2012), the TTVs for a pair of planets near a first
order resonance are purely sinusoidal, giving two amplitudes
and two phases (the period of the TTV is set by the known
mean orbital periods). This is only four observables. In prac-
tice, the situation is worse, because the TTVs near a first order
resonance are, for low enough eccentricities, approximately
anti-correlated. In that case, there are only three observables,
for six free parameters, and any resulting mass or eccentric-
ity measurements will suffer from degeneracies with the other
variables.
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More recently, it has been demonstrated that a small am-
plitude “chopping” signal associated with planetary conjunc-
tions can, if measured at high enough significance, determine
the masses of the interacting planets uniquely (Nesvorny´ &
Vokrouhlicky´ 2014; Deck & Agol 2015), with only weak de-
generacies with the eccentricities. This allows for planetary
mass measurements, and therefore if the chopping TTV is
measured for a system near a first order resonance, the ampli-
tude and phase of the resonant TTV can be used to constrain
the remaining degrees of freedom (the eccentricities and the
longitudes of periastron). However, as shown by Lithwick
et al. (2012), the individual eccentricities and longitudes of
pericenter are not constrained by the first-order resonant TTV;
rather, only a linear combination of the eccentricities vectors
(e cos$, e sin$) are (the quantity Zfree in the notation of
Lithwick et al. 2012).
In this work we consider the case of two planets orbiting
near a second order resonance, with P2/P1 ≈ j:j − 2, with
j ≥ 3. Though systems near true second order resonances (j
odd) are less common than planets near first order resonances
(Fabrycky et al. 2014), this regime is still of observational in-
terest (Jontof-Hutter et al. 2015; Petigura et al. 2015). On the
other hand, second order resonances with j even are important
since they represent the dominant correction at O(e2) to the
first order resonant TTV formula derived by Lithwick et al.
(2012). Because of the different functional dependence on the
eccentricities and longitudes of pericenter between the first
and second order terms, second order effects may be impor-
tant for breaking degeneracies present in the TTVs of planets
near first order MMR. We derive an approximate formula for
TTVs resulting from a second order near resonant orbital con-
figuration in Section 2 and interpret it in Section 3. In Section
4, we compare the predicted TTVs using the formulae with
those determined via numerical integration of the full gravi-
tational equations of motion. We consider the case of a pair
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of planets near a first order resonance to determine if eccen-
tricities can be constrained uniquely in Section 4.2. Lastly, we
extend our derivation to systems near the j:j−N N−th order
mean motion resonance in Section 5, and give our conclusions
in Section 6.
2. DERIVATION OF THE APPROXIMATE TTV
We would like to make the simplest approximation of the
TTVs induced for two planets near the j:j − 2 second or-
der resonance. As such, we include only the second order
resonant terms in the Hamiltonian in the derivation. This ap-
proximation is analogous to that employed for first order res-
onances by Lithwick et al. (2012). To begin, we write the
Hamiltonian in Jacobi elements:
H = −GM?m1
2a1
− GM?m2
2a2
− Gm1m2
a2
×[
gj,45(α)e
2
1 cos (θj − 2$1) + gj,53(α)e22 cos (θj − 2$2)
+ gj,49(α)e1e2 cos (θj −$2 −$1)
]
(1)
where
θj = jλ2 − (j − 2)λ1 (2)
and
gj,45(α) =
1
8
((−5j + 4j2)bj1/2(α) + (4j − 2)Dαbj1/2(α)
+D2αb
j
1/2(α)),
gj,49(α) =
1
4
((−2 + 6j − 4j2)bj−11/2 (α) + (2− 4j)Dαbj−11/2 (α)
−D2αbj−11/2 (α)),
gj,53(α) =
1
8
((2− 7j + 4j2)bj−21/2 (α) + (4j − 2)Dαbj−21/2 (α)
+D2αb
j−2
1/2 (α))−
27α
8
δj,3,
Dkα ≡ αk
dk
dαk
,
bj1/2(α) =
1
pi
∫ 2pi
0
cos (jθ)√
1− 2α cos θ + α2 dθ, (3)
where we have neglected indirect terms that dont contribute
to second order resonances with j ≥ 3 (Murray & Dermott
1999). Here ai is the semimajor axis, ei the orbital eccentric-
ity, mi the mass, λi the mean longitude, and $i the longitude
of periastron of the i−th planet (i = 1 or 2), and α = a1/a2
and M? is the mass of the star. Our approach to deriving
the TTVs is that first developed by Nesvorny´ & Morbidelli
(2008), Nesvorny´ (2009), and Nesvorny´ & Beauge´ (2010) and
later used by Deck & Agol (2015). This is based on pertur-
bation theory within a Hamiltonian framework, and as such
we need to convert the orbital elements into canonical vari-
ables. Written in terms of the canonical momenta (left) and
coordinates (right),
Λi = mi
√
GM?ai λi
xi =
√
2Pi cos pi yi =
√
2Pi sin pi
with
Pi = Λi
e2i
2 +O(e
4
i ) pi = −$i,
Equation (1) can be rewritten as
H = H0(Λ1,Λ2) +H1,
H0 = −G
2M2?m
3
1
2Λ21
− G
2M2?m
3
2
2Λ22
,
H1 = −1G
2M2?m
3
2
Λ22
[
A˜1 cos θj + A˜2 sin θj
]
,
A˜1 =
gj,45
Λ1
(x21 − y21) +
gj,53
Λ2
(x22 − y22) +
gj,49√
Λ1Λ2
(x1x2 − y1y2),
A˜2 = −gj,45
Λ1
2x1y1 − gj,53
Λ2
2x2y2 − gj,49√
Λ1Λ2
(x1y2 + x2y1).
(4)
where the coefficients gj,xx are evaluated at semimajor axis
ratio α(Λ1,Λ2) = (Λ1/m1)2(m2/Λ2)2.
We use Hamiltonian perturbation theory to find a new set
of canonical variables (denoted with primes) such that in the
new set the Hamiltonian takes the form
H ′ = H0(Λ′1,Λ
′
2) = −
G2M2?m
3
1
2Λ
′2
1
− G
2M2?m
3
2
2Λ
′2
2
. (5)
In the new variables, the motion of the two planets is “Ke-
plerian”. This Keplerian orbit corresponds to the average of
the perturbed orbit (averaged over the periodic terms in H1).
Transit timing variations are deviations from the times pre-
dicted from the mean ephemeris of a planet which we estimate
by fitting the transit times with a constant period (Keplerian)
model. The deviations are caused by the interaction with the
other planet, and hence the transformation we seek to turn
Equation (1) into Equation (4) is precisely what we need to
give us the TTVs.
As detailed in e.g. Deck & Agol (2015), we would like a
generating function of the form5:
F2(λi, yi,Λ
′
i, x
′
i) = λiΛ
′
i + yix
′
i + f (λi , yi ,Λ
′
i , x
′
i ) (6)
This relates the old and new variables as
Λi =
∂F2
∂λi
= Λ′i +
∂f
∂λi
,
xi =
∂F2
∂yi
= x′i +
∂f
∂yi
,
λ′i =
∂F2
∂Λ′i
= λi +
∂f
∂Λ′i
,
y′i =
∂F2
∂x′i
= yi +
∂f
∂x′i
. (7)
Therefore the first piece of F2 is the identity transformation,
and the second piece f is a small correction which will be lin-
ear in 1. The function f which produces the new “Keplerian”
Hamiltonian of Equation (5) from the Hamiltonian of Equa-
tion (4) is (see e.g. Nesvorny´ & Morbidelli 2008 or Deck &
Agol 2015)
f = 1
n2Λ2
ωj
[
A˜1 sin θj − A˜2 cos θj
]
(8)
5 This is a Type-2 generating function, which depends on the old coordi-
nates and the new momenta.
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where
ni =
G2M2?m
3
i
Λ3i
(9)
and
ωj = jn2 − (j − 2)n1. (10)
The function f is determined by solving the homologic
equation {
f,H0
}
+H1 = 0 (11)
where {. . . , . . .} denotes a Poisson Bracket (Morbidelli
2002). Formally, f is a mixed-variable function of both old
coordinates and new momenta. In Equation (8), however, we
neglect to make this distinction. This is because the differ-
ence between the two sets, given implicitly in Equation (7),
depends on derivatives of f , which is itself linear in 1. There-
fore, within f itself, the difference between the two sets is
negligible since we are only working to first order in 1.
Equation (7) shows us how to derive, using the function f
of Equation (8), the difference between the real and averaged
canonical variables. That is,
λi − λ′i ≡ δλi ≈ 1
n2Λ2
ω2j
dωj
dΛi
[
A˜1 sin θj − A˜2 cos θj
]
,
yi − y′i ≡ δyi = −1
n2Λ2
ωj
[
dA˜1
dxi
sin θj − dA˜2
dxi
cos θj
]
,
xi − x′i ≡ δxi = 1
n2Λ2
ωj
[
dA˜1
dyi
sin θj − dA˜2
dyi
cos θj
]
,
Λi − Λ′i ≡ δΛi ≈ 0. (12)
where we have made use of the small parameters
δ =
ωj
ni
,
 =
mi
m?
,
e. (13)
Both A˜1 and A˜2 are quadratic in x and y, so the expressions
for δxi and δyi are of order (e/δ). We have only kept terms
in δλi of order (e/δ)2, but neglected terms of order e ∗ (e/δ).
This assumes that e ∗ (e/δ)  1. The term δΛ is determined
by taking derivatives of f with respect to λ, resulting in terms
of order e(e/δ) and therefore the change in Λ is nearly zero.
Since eccentricities are assumed to be small, this means our
approximation holds as long as e/δ is much less than 1/e.
The question now is how to take these changes and con-
vert them into TTVs. Again, this was shown in Nesvorny´ &
Morbidelli (2008). The transit occurs when the true anomaly
of the planet θ is equal to a value, which, given the reference
frame, aligns the planet in front of the star along our line of
sight. θ is not a canonical variable, but it can be related to our
canonical set via a power series in eccentricity of the transit-
ing planet:
θ[λ,Λ, x, y] = λ+
2√
Λ
(
x sinλ+ y cosλ
)
+O(e2) + . . .
(14)
Perturbing Equation (14) about the averaged orbit yields
δθ =
∂θ[λ,Λ, x, y]
∂λ
δλ+
∂θ[λ,Λ, x, y]
∂x
δx+
∂θ[λ,Λ, x, y]
∂y
δy
(15)
where we have already neglected the δΛ piece with the knowl-
edge that it will be small. The derivatives of θ[λ,Λ, x, y]
with respect to any of the remaining variables will be propor-
tional to e0, e1, e2 - without any small denominators. Hence
we also only keep ∂θ[λ,Λ, x, y]/∂x, ∂θ[λ,Λ, x, y]/∂y, and
∂θ[λ,Λ, x, y]/∂λ to zeroth order in e since we have assumed
eccentricities are small. That is,
δθ ≈ δλ+ 2√
Λ
(
δx sinλ+ δy cosλ
)
+ . . . (16)
To turn Equation (16) into a timing perturbation, we need
to convert δθ into δt. This is achieved by relating θ to λ, since
λ is a linear function of time. We can write
δθ = −nδt+O(e) + . . . , (17)
where again we can neglect the O(e) correction here, since
this is a factor of e without a small denominator ωj/ni! We
plug Equations (12) into Equation (16) and then into Equa-
tion (17). After some algebra, and e.g. the relation that
d(ni)/dΛi = −3ni/Λi, we find that the TTVs are approx-
imately given by:
δt1 = − 1
n1
2α
[{
3(j − 2)
(
n1
ωj
)2
A1 − 2
(
n1
ωj
)
B11
}
sin θj
+
{
3(j − 2)
(
n1
ωj
)2
A2 − 2
(
n1
ωj
)
B12
}
cos θj
]
(18)
and
δt2 = − 1
n2
1
[{
− 3j
(
n2
ωj
)2
A1 − 2
(
n2
ωj
)
B21
}
sin θj
+
{
− 3j
(
n2
ωj
)2
A2 − 2
(
n2
ωj
)
B22
}
cos θj
]
(19)
where
A1 = A˜1 = gj,45(α)e
2
1 cos (2$1) + gj,53(α)e
2
2 cos (2$2)
+ gj,49(α)e1e2 cos ($1 +$2)
A2 = −A˜2 = −gj,45(α)e21 sin (2$1)− gj,53(α)e22 sin (2$2)
− gj,49(α)e1e2 sin ($1 +$2)
B11 = 2gj,45(α)e1 cos (λ1 +$1) + gj,49(α)e2 cos (λ1 +$2)
B12 = −2gj,45(α)e1 sin (λ1 +$1)− gj,49(α)e2 sin (λ1 +$2)
B21 = 2gj,53(α)e2 cos (λ2 +$2) + gj,49(α)e1 cos (λ2 +$1)
B22 = −2gj,53(α)e2 sin (λ2 +$2)− gj,49(α)e1 sin (λ2 +$1)
(20)
It is interesting to consider the terms that were neglected in the
Hamiltonian in the first place, and the TTVs that these would
produce. Near true second order resonance (not higher order
harmonics of first order resonances), the TTVs produced by
these neglected terms are comprised of a “chopping” TTV,
which appears at zeroth and first order in eccentricity, without
any small denominator δ (Agol & Deck 2015). If e . δ, the
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zeroth order (in e) chopping terms will be comparable in mag-
nitude to the second order TTV! This is important for break-
ing degeneracies, as described below.
Although we are considering the near resonance case (δ 
1), the function f will diverge if the system is too close to
resonance, and our formulae will not apply when a system
is in resonance. The width of the resonance grows with e and
with . For a given , then, we expect our formuale to fail if the
eccentricity is too large, either because of being in resonance
or because of neglected higher order eccentricity terms.
These various regimes and the intrinsic error in the formu-
lae, both with and without the first order eccentric formula
of Agol & Deck (2015), are explored in Section 4. We also
perform fits to simulated data in Section 4.2 to compare the re-
sulting parameter estimates with those arising from full dyn-
namical analyses.
3. INTERPRETATION OF THE APPROXIMATE TTV
The TTV expressions given in Equation (18) and Equation
(19) depend on the eccentricities and longitudes of pericenter
of each planet. If we assume that the observational baseline is
short compared to the secular timescale, these will be approx-
imately constant. We now show that the TTVs approximately
depend only on the masses of the two planets (relative to the
mass of the host star) and the quantities
δk = k1 − k2
δh = h1 − h2 (21)
where hi = ei sin$i and ki = ei cos$i.
We define
∆j ≡ j − 2
j
P2
P1
− 1 = − ωj
jn2
, (22)
and, substituting in, the TTVs become
δt1 = − 2
n1α1/2j∆j
2
[{
3(j − 2)
2j∆j
α−3/2A1 +B11
}
sin θj
+
{
3(j − 2)
2j∆j
α−3/2A2 +B12
}
cos θj
]
(23)
and
δt2 = − 2
jn2∆j
1
[{
− 3
2∆j
A1 +B
2
1
}
sin θj
+
{
− 3
2∆j
A2 +B
2
2
}
cos θj
]
(24)
Next, we choose our reference frame such that the true lon-
gitude θ at transit is zero. Then, in accordance with our previ-
ous neglect of terms of O(e) without a small denominator δ,
the mean longitude at transit is also zero.
Now, as shown by Figure 1, with an error of only a factor of
1-2 one can approximate gj,53(α) ≈ gj,45(α) and gj,49(α) ≈
−2gj,45(α) (shown evaluated at α = [(j−2)/j]2/3), in which
1.1 1.2 1.3 1.4 1.5 1.6 1.7
Period Ratio
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FIG. 1.— Validity of the approximation that gj,53(α) ≈ gj,45(α) and that
gj,49(α) ≈ −2gj,45(α)
case
A1 ≈ gj,45(α)[δk2 − δh2]
A2 ≈ −2gj,45(α)δkδh
B11 ≈ 2gj,45(α)δk
B12 ≈ −2gj,45(α)δh
B21 ≈ −2gj,45(α)δk = −B11
B22 ≈ 2gj,45(α)δh = −B12 . (25)
Then the TTVs are roughly given by
δt1 = − 2gj,45
n1α1/2j∆j
2
[{
3
2∆j
[δk2 − δh2] + 2δk
}
sin θj
−
{
3
∆j
δkδh+ 2δh
}
cos θj
]
(26)
and
δt2 = − 2gj,45
jn2∆j
1
[
−
{
3
2∆j
[δk2 − δh2] + 2δk
}
sin θj
+
{
3
∆j
δkδh+ 2δh
}
cos θj
]
(27)
where we have also approximated α−3/2 ≈ j/(j − 2). If we
set
cosφ =
{
3
2∆j
[δk2 − δh2] + 2δk
}
N
sinφ =
{
3
∆j
δkδh+ 2δh
}
N
N 2 =
{
3
2∆j
[δk2 − δh2] + 2δk
}2
+
{
3
∆j
δkδh+ 2δh
}2
(28)
Then
δt1 = −P1gj,45α
−1/2
jpi∆j
2N sin (θj − φ) (29)
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and
δt2 =
P2gj,45
jpi∆j
1N sin (θj − φ) (30)
Therefore, the TTVs of a pair of planets near a second order
resonance with low eccentricity are approximately given by
sinusoidal motion with a phase φ set by the eccentricities and
pericenters in the combinations of δk = e1 cos$1−e2 cos$2
and δh = e1 sin$1 − e2 sin$2. The amplitude is deter-
mined by both the mass of the perturbing planet and a fac-
tor depending again on δk and δh. Lastly, the TTVs of the
two planets are anti-correlated. Assuming both planets tran-
sit (α,∆j , P1, P2 and the time evolution of θj are known), the
only unknowns are 1, 2,N , and φ. However, from the TTVs
alone, we only obtain two amplitudes and a phase.
This outcome is similar to that of the TTVs of a pair of
planets near first order resonances, where again only the com-
binations δh and δk appeared in the TTVs (through the real
and imaginary parts of Zfree = fe1ei$1 + ge2ei$2 , with
f ≈ −g). The relation f ≈ −g is analogous to the ap-
proximation we made here regarding Laplace coefficients and
the combinations gj,45 ≈ gj,53 and gj,49 ≈ −2gj,45. Again
in that case the observables are two amplitudes and a single
phase because the TTVs are approximately anti-correlated.
One way to break degeneracies is to measure other indepen-
dent harmonics in the TTVs. For example, one might measure
the “chopping” signal and determine 1 and/or 2 from that.
In reality, there will be a nonzero phase offset, and if it is
measured significantly, the TTVs yield four observables, as-
suming the mean ephemerides are known because each planet
transits. However, this is still not enough to determine both
eccentricities, and longitudes of pericenter uniquely. It could
be that chopping effects which appear at first order in the ec-
centricities allows individual eccentricities and longitudes to
be measured, though these are small amplitude.
For a pair of planets near a first order resonance, the TTV
derived above will represent an O(e2) correction to the TTVs.
For example, a pair near the k:k − 1 resonance will exhibit
TTVs with a period equal to 2pi/|kn2− (k−1)n1| and also at
the second harmonic, with a period of 2pi/|jn2 − (j − 2)n1|
(with j = 2k). This second harmonic appears with a different
dependence on eccentricity and pericenters, and if measured,
could allow for unique mass measurements as well. The more
exciting prospect is that if relative phase offsets from pi are
measured this second order harmonic could in theory allow
for unique measurements of both eccentricities and pericen-
ters as well. We test this in Section 4.2.
4. NUMERICAL TESTS OF THE FORMULA
4.1. Comparisons with direct n-body integration
We have carried out a comparison of the second-order for-
mula with N-body simulations of TTVs carried out with TTV-
Fast (Deck et al. 2014). We simulated a system of two planets
with m1/m? = m2/m? = 10−5 with aligned longitudes of
pericenter, $1 = $2, and anti-aligned longitudes of pericen-
ter, $1 = $2 + pi. The initial phases and $1 were chosen
randomly. The TTVs determined from the n-body simulation
were computed for an inner planet period of 30 days, over
a duration of 1600 days, to mimic a typical transiting planet
system in the Kepler dataset. The eccentricity vectors were
held fixed at the value computed from the N-body simulation
averaged over 1600 days. The ephemerides were allowed to
vary, and were varied to optimize the agreement between the
n-body and analytic formula, while α used in computing the
FIG. 2.— Comparison of TTVFast with the second-order formula, near the
5:3 second order resonance. Error is given by the standard deviation of the
residuals of the analytic fit to the numerical TTVs, divided by the standard
deviation of the TTVs. The top panel shows the result for the inner planet,
the bottom is for the outer planet. Dotted lines: 10% error.
coefficients was given by α = (P1/P2)2/3, where P1 and P2
are the periods fit to give the ephemerides.
We first focused on a range of ∆(α) near the 5:3 second
order resonance. In Figure 2, we show, for anti-aligned peri-
centers, the fractional error in the formula given in Equation
(18) and in Equation (19). The error is less than 10% only
for a small range in eccentricity, but importantly the region
where the second order formula alone applies is qualitatively
as expected. For low eccentricities, the chopping terms are
as large as the second order resonant terms, and they are ne-
glected in this fit. For larger eccentricities, this narrow range
of ∆ includes resonant orbits, which our formulae does not
apply for.
We also tried fitting the numerically determined TTVs with
the second-order formula added to the first-order formulae
presented in Agol & Deck 2015. Note that the first order for-
mulae include all terms linear in the eccentricity, while the
second order formulae only include the near resonant pieces.
In Figure 3, we show the resulting comparison between the
extended formula and the n-body results. The agreement is
now excellent even at low eccentricity, as expected since we
have included the chopping terms. However, there is still a
clear resonant region where our formulae fails.
Figures 4 and 5 show the results of the aligned and anti-
aligned longitudes of periastron, now for a much larger range
of α. The anti-aligned longitudes of periastron tends to max-
imize the discrepancy, while the aligned tends to minimize.
The fractional precision of the model was computed from the
scatter of the residuals of the fit divided into the scatter in the
n-body TTVs. The mean longitudes and the longitude of pe-
riastron of the inner planet were chosen randomly, and do not
affect the appearance of this plot significantly.
We find that including the second-order term improves the
fit to the n-body simulation significantly near j:j − 2 period
ratios (as demonstrated also by Figure 2 and Figure 3), which
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FIG. 3.— Comparison of TTVFast with the first-order plus second-order
formula, near the 5:3 second order resonance. Error is given by the standard
deviation of the residuals of the analytic fit to the numerical TTVs, divided
by the standard deviation of the TTVs. The dotted line again indicates the
10% error level.
are indicated in the plot, allowing the analytic formulae to be
used to much higher eccentricity than in the case of the first-
order formula only (Agol & Deck 2015). It also improves the
fit near the j:j − 1 resonances as each of these is close to a
2j:2j − 2 resonance, and thus can be affected by the second-
order in eccentricity terms.
4.2. Example fits to simulated data
We next explored how parameter estimates of masses, ec-
centricities, and longitudes of periastron derived by fitting
simulated data with our formulae compared to those found
using TTVFast. We used the second order resonant terms, in
combination with the first order eccentric formulae of Agol
& Deck (2015), as our analytic model, though below we also
used the first order formulae alone for some tests. For all
models, we used an affine invariant markov chain monte carlo
(Goodman & Weare 2010) to estimate parameters.
Our test case consisted of two 5 Earth mass planets orbiting
a solar mass star, with initial osculating periods of 10.0 and
20.2 days, eccentricities of 0.035 and 0.05, and longitudes of
pericenter misaligned by 135◦. We simulated transit times
using TTVFast and added Gaussian noise with a standard de-
viation of 2 minutes.
In Figure 6, we show the modeled transit timing variations.
The various colored points show a sample fit found modeling
this data with the second order resonant terms and the first
order resonant terms. We also show the contribution of this
fit coming from the first order resonant terms alone, as well
as from the second order resonant terms alone. (Note that the
second order formulae contains the O(e) contribution of the
second order resonant terms; we do not double count this.)
For these parameters, the system is near the 2:1 resonance,
but with important contributions from the 4:2 resonance due
to the moderate eccentricities and values of δk and δh. We re-
mark that this system is somewhat similar to KOI-142, which
has two planets near a 2:1 resonance with eccentricities of
∼ 0.05, and which also exhibits TTVs that deviate from a
FIG. 4.— Comparison of TTVFast with the first-order plus second-order for-
mula. Error is given by the standard deviation of the residuals of the analytic
fit to the numerical TTVs, divided by the standard deviation of the TTVs,
with the longitudes of periastron aligned ($1 = $2). The top panel shows
the result for the inner planet, the bottom is for the outer planet. Dotted lines:
10% error level. Upper right: Hill unstable models were not computed, and
show 100% error. Green dashed lines: locations of j:j − 1 resonances; blue
dashed lines: j:j − 2 resonances.
FIG. 5.— Comparison of TTVFast with the first-order plus second-order for-
mula. Error is given by the standard deviation of the residuals of the analytic
fit to the numerical TTVs, divided by the standard deviation of the TTVs,
with the longitudes of periastron anti-aligned ($1 = $2 + pi). The labels
and lines are the same as in Figure 4.
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FIG. 6.— Simulated transit timing variations for the higher eccentricity
case, in black, a representative solution from the model including the second
order and first order terms (from Agol & Deck 2015), in orange, the con-
tribution to this model from the first order resonant terms alone (turquoise
diamonds), and the contribution from the second order resonant harmonic
(red). Not shown is the individual contribution coming from “chopping”
terms without any small resonant denominators.
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FIG. 7.— Joint posterior 68% (dotted) and 95% (solid) confidence contours
for the planet masses, in units of Earth mass. The results show are from a
full dynamical analysis (black) and from an analysis using the second order
terms in combination with the first order formulae derived in Agol & Deck
2015 (blue).
pure sinusoid (Nesvorny´ et al. 2013).
In Figure 7 and Figure 8, we show the resulting joint con-
fidence levels for the two planet masses and eccentricities for
both the formula model and for an n-body model. The agree-
ment is very good; we note, however, that modes associated
with higher eccentricity were also found using the formula fit,
depending on the particular noise realization. However, this
multi-modality disappeared as the noise amplitude decreased.
Note also that we used direct n-body integration to simulate
the transit times we fit. Hence the input value for the eccen-
tricity is an osculating value. The eccentricities measured via
the formula correspond to averaged eccentricities, or free ec-
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FIG. 8.— Joint posterior 68% (dotted) and 95% (solid) confidence contours
for the planet eccentricities. The results shown are from a full dynamical anal-
ysis (black) and from an analysis using the second order terms in combination
with the first order formulae derived in Agol & Deck 2015 (blue).
centricities, while those of the n-body model are initial oscu-
lating elements (this deviation is negligible in Figure 8, how-
ever).
For these parameters and signal to noise, the eccentricities
(and longitudes of pericenter, not shown) are both measured
independently. As discussed in Section 3, the first order reso-
nant terms as presented in Lithwick et al. (2012) alone suffer
from an absolute degeneracy, in that even in cases of high
signal to noise the TTV amplitude and phase depends only on
quantities approximately equal to δh = e1 cos$1−e2 cos$2
and δk = e1 sin$1 − e2 sin$2 (the real and imaginary parts
of Zfree in the notation of Lithwick et al. 2012). In princi-
ple, before making the approximations present in Section 3,
the second order harmonic has a coefficient which depends
on different functions of the eccentricity and pericenter, and
hence can be used to measure eccentricities and pericenters
individually, as in Figure 8. Similarily, we hypothesize that
the moderate eccentricities of the KOI-142 system produce a
detectable second harmonic in the TTVs of KOI-142b, which,
in combination with the short period chopping and the transit
duration variations, help lead to a unique solution (Nesvorny´
et al. 2013).
To explore how the second order harmonic can lead to an
eccentricity measurement, as in Figure 8, we decreased the ec-
centricities to 0.014 and 0.01 in order to reduce the amplitude
of the second order harmonic. All other parameters remained
the same. In this case, a 2 minute amplitude for the noise is
2-4x larger than the amplitude of the second order harmonic
for the two planets. Figure 9 shows the transit times we mod-
eled in addition to a sample fit, again delineating between the
entire second order model and the contributions coming from
the first order resonant piece and the second order piece.
Figures 10 and 11 shows the result of a fit to these times us-
ing n-body, using the second and first order eccentricity terms,
and now also with only the first order eccentricity formula.
The n-body and second order+ models agree on the values
of ei cos$i and ei sin$i, while the first order alone model
exhibits a linear correlation between these parameters for the
outer and inner planets, as expected. Apparently the second
order terms are still a useful constraint on the eccentricities
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FIG. 9.— Simulated transit timing variations for the lower eccentricity case,
in black, a representative solution from the model including the second order
and first order terms (from Agol & Deck 2015), in orange, the contribution
to this model from the first order resonant terms alone (turquoise diamonds),
and the contribution from the second order resonant harmonic (red).
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FIG. 10.— Joint posterior 68% (dotted) and 95% (solid) confidence con-
tours for the planet eccentricity vector components I, 2 minute noise. The
results shown are from a full dynamical analysis (black) and from an analysis
using the second order terms in combination with the first order formulae de-
rived in Agol & Deck 2015 (blue), and one using only the first order solution
(red).
and longitudes of pericenters, even given its low amplitude.
This may be because the amplitude of the second order term
is constrained to be below the noise.
When we further increase the noise to 4 minutes in ampli-
tude, the first order formula suffers from a greater degener-
acy, though the n-body and second order+ models still are
consistent. This is demonstrated in Figures 12 and 13. Col-
lectively, simulations suggest that the second order harmonic
indeed is important for breaking degeneracies between eccen-
tricity vector components.
Note that in the larger eccentricity case presented in Fig-
ure 6 the first order model fails to determine the eccentricities
at all: it returns a decent fit, but at significantly higher ec-
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FIG. 11.— Joint posterior 68% (dotted) and 95% (solid) confidence con-
tours for the planet eccentricity vector components II, 2 minute noise. The
results shown are from a full dynamical analysis (black) and from an analysis
using the second order terms in combination with the first order formulae de-
rived in Agol & Deck 2015 (blue), and one using only the first order solution
(red).
−0.1 0.0 0.1 0.2 0.3
e1sin(w1)
−0.1
0.0
0.1
0.2
0.3
e
2s
in
(w
2)
Second order+
First order
N−body
Input
FIG. 12.— Joint posterior 68% (dotted) and 95% (solid) confidence con-
tours for the planet eccentricity vector components III, 4 minute noise. See
Figure 10 for details.
centricities. Including the second order terms in the model
leads to the correct answer, but as mentioned there is can be
multi-modality. It is possible that including the 6:3 resonant
harmonic in the fit (an O(e3) correction, see below) would
alleviate this.
Despite the challenges of measuring eccentricities and lon-
gitudes of pericenter individually, in both of these cases the
planet masses are recovered (though the first order model suf-
fers in the higher noise case). This is shown in Figure 14 (for
2 minutes noise) and Figure 15 (for 4 minutes noise).
5. HIGHER ORDER RESONANCES
We now extend the above derivation to any order eccentric-
ity type resonance. In this case, for the j:j − N resonance,
the Hamiltonian, including only the resonant terms, takes the
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FIG. 13.— Joint posterior 68% (dotted) and 95% (solid) confidence con-
tours for the planet eccentricity vector components IV, 4 minute noise. See
Figure 10 for details.
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FIG. 14.— Joint posterior 68% (dotted) and 95% (solid) confidence con-
tours for the planet masses, in units of Earth masses, 2 minute noise. See
Figure 10 for details.
form
H = −GM?m1
2a1
− GM?m2
2a2
− Gm1m2
a2
×
N∑
k=0
gj,k;N (α)e
k
1e
N−k
2 cos (θj;N − φk) (31)
where
θj;N = jλ2 − (j −N)λ1,
φk = k$1 − (N − k)$2, (32)
and gj,k;N (α) is a function of Laplace coefficients. For exam-
ple, for the 2nd order j:j − 2 resonance, k = 0, 1, 2, and in
that case gj,0;2 = gj,53, gj,1;2 = gj,49 and gj,2;2 = gj,45. We
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FIG. 15.— Joint posterior 68% (dotted) and 95% (solid) confidence con-
tours for the planet masses, in units of Earth masses, 4 minute noise. See
Figure 10 for details.
can rewrite the interaction Hamiltonian as
H1 = −1n2Λ2
N∑
k=0
gj,k;N (α)
Λ
k/2
1 Λ
(N−k)/2
2
(
2P1
)k/2(
2P2
)(N−k)/2
×
[
<(eiφk) cos θj;N + =(eiφk) sin θj;N
]
(33)
where i without subscript is
√−1.
We can simplify this as:
H1 = −1n2Λ2
N∑
k=0
gj,k;N (α)
Λ
k/2
1 Λ
(N−k)/2
2
×
[
<(zk1zN−k2 ) cos θj;N −=(zk1zN−k2 ) sin θj;N
]
(34)
where
zi = xi + iyi =
√
2Pie
ipi (35)
and we have remembered that the canonical angle is not $
but p = −$. This is the exact form of Equation (4), with
A˜1 =
N∑
k=0
gj,k;N (α)
Λ
k/2
1 Λ
(N−k)/2
2
<(zk1zN−k2 )
A˜2 = −
N∑
k=0
gj,k;N (α)
Λ
k/2
1 Λ
(N−k)/2
2
=(zk1zN−k2 ) (36)
If we set N = 2, we find agreement with the expressions for
A˜1 and A˜2 given in Equation (4). We now proceed exactly as
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above, to find
δλi ≈ 1n2Λ2
ω2j;N
dωj
dΛi
[
A˜1 sin θj;N − A˜2 cos θj;N
]
δyi = −1n2Λ2
ωj;N
[
dA˜1
dxi
sin θj;N − dA˜2
dxi
cos θj;N
]
δxi = 1
n2Λ2
ωj;N
[
dA˜1
dyi
sin θj;N − dA˜2
dyi
cos θj;N
]
δΛi ≈ 0 (37)
with ωj;N = jn2 − (j − N)n1. The deviations in true lon-
gitude are given by (16). We make the same approximations
about neglecting terms, and here only sketch the derivation
for the inner planet:
δθ1 = 2
n1
ωj;N
α×
[
sin θj;N×{
3n1(j −N)
ωj;N
A˜1 + 2
√
Λ1
(
dA˜1
dy1
sinλ1 − dA˜1
dx1
cosλ1
)}
+ cos θj;N×{
− 3n1(j −N)
ωj;N
A˜2 + 2
√
Λ1
(
dA˜2
dx1
cosλ1 − dA˜2
dy1
sinλ1
)}]
(38)
The derivative of the real(imaginary) part of a function is
the real (imaginary) part of the derivative of the function,
<(ix) = −=(x) for a complex number x, and=(ix) = <(x),
so we can write:
√
Λ1
dA˜1
dx1
=
N∑
k=0
gj,k;Nke
k−1
1 e
N−k
2 <(e−i[φk−$1])
√
Λ1
dA˜1
dy1
= −
N∑
k=0
gj,k;Nke
k−1
1 e
N−k
2 =(e−i[φk−$1])
√
Λ1
dA˜2
dx1
= −
N∑
k=0
gj,k;Nke
k−1
1 e
N−k
2 =(e−i[φk−$1])
√
Λ1
dA˜2
dy1
= −
N∑
k=0
gj,k;Nke
k−1
1 e
N−k
2 <(e−i[φk−$1]) (39)
with analogous expressions for the outer planet (with the pre-
factor k → N − k, φk − $1 → φk − $2, the exponent of
e1 becomes k, and that of e2 becomes N − k − 1.). We have
also switched back to eccentricities and pericenters. We do
the same for the factors A˜1 and A˜2:
A˜1 =
N∑
k=0
gj,k;N (α)e
k
1e
N−k
2 <(e−iφk)
A˜2 = −
N∑
k=0
gj,k;N (α)e
k
1e
N−k
2 =(e−iφk) (40)
where φk = k$1 + (N − k)$2.
The final expressions for the deviations in transit times are
(after some simplification):
δt1 = − 2
n1
n1
ωj;N
α
N∑
k=0
gj,k;N (α)e
N−k
2 e
k−1
1
[
{
3n1(j −N)
ωj;N
e1<(eiφk)− 2k<(ei(φk−$1+λ1))
}
sin θj;N
+
{
− 3n1(j −N)
ωj;N
e1=(eiφk) + 2k=(ei(φk−$1+λ1))
}
cos θj;N
]
δt2 = − 1
n2
n2
ωj;N
N∑
k=0
gj,k;N (α)e
N−k−1
2 e
k
1
[
{
− 3jn2
ωj;N
e2<(eiφk)− 2(N − k)<(ei(φk−$2+λ2))
}
sin θj;N+{
3jn2
ωj;N
e2=(eiφk) + 2(N − k)=(ei(φk−$2+λ2))
}
cos θj;N
]
(41)
or, casting in the same symbols as we did for the second
order resonances (Equation (18)),
δt1 = − 1
n1
2α
[{
3(j −N)
(
n1
ωj;N
)2
A1 − 2
(
n1
ωj;N
)
B11
}
sin θj;N
+
{
3(j −N)
(
n1
ωj;N
)2
A2 − 2
(
n1
ωj;N
)
B12
}
cos θj;N
]
(42)
and
δt2 = − 1
n2
1
[{
− 3j
(
n2
ωj;N
)2
A1 − 2
(
n2
ωj;N
)
B21
}
sin θj;N
+
{
− 3j
(
n2
ωj;N
)2
A2 − 2
(
n2
ωj;N
)
B22
}
cos θj;N
]
(43)
where θj;N = jλ2 − (j −N)λ1 and
A1 =
N∑
k=0
gj,k;N (α)e
N−k
2 e
k
1 cosφk
A2 = −
N∑
k=0
gj,k;N (α)e
N−k
2 e
k
1 sinφk
B11 =
N∑
k=0
gj,k;N (α)ke
N−k
2 e
k−1
1 cos (φk −$1 + λ1)
B12 = −
N∑
k=0
gj,k;N (α)ke
N−k
2 e
k−1
1 sin (φk −$1 + λ1)
B21 =
N∑
k=0
gj,k;N (α)(N − k)eN−k−12 ek1 cos (φk −$2 + λ2)
B22 = −
N∑
k=0
gj,k;N (α)(N − k)eN−k−12 ek1 sin (φk −$2 + λ2)
(44)
with φk = k$1 + (N − k)$2.
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Therefore, close enough to any eccentricity type resonance
- with the caveat that the system is not in the resonance and
that the higher order eccentricity terms neglected are small -
the TTVs of a pair of planets are periodic with a timescale
of 2pi/|jn2 − (j − N)n1|. The amplitudes depend linearly
on the mass of the perturbing planet, relative to the mass of
the star, and on the eccentricities and pericenters, as well as
on the mean longitude of the transiting planet at transit. The
phases also depend on these quantities, though they are inde-
pendent of the masses. However, the amplitude and phase of
these TTVs do not uniquely constrain the masses, eccentrici-
ties, and pericenters, since this amounts to six parameters and
only four observables.
We hypothesize that the TTVs will again be nearly anti-
correlated, like they are for first and second order resonances,
in which case for low signal to noise data, there will be ef-
fectively only three observables. We also hypothesize that
the TTVs will, in the limit of compact orbits (higher j for
a given N ), only depend on approximately δk and δh, and
that the N−th order resonant TTV will include powers up to
|~e|N , with ~e = (δk, δh). Physically, this dependence makes
sense since anti-aligned orbits allow for closer approaches
and stronger interactions between the planets. Mathemati-
cally this maximizes |~e| to produce larger TTVs.
In the above derivation, we neglect terms of order
e(eN−1/δ) (where again δ is a normalized distance to reso-
nance, defined in Equation (13), and we assume it is small).
More importantly, neglected chopping effects, without any
small denominators, appear at every order in e. If one com-
bines the N−th order resonant TTV with the e1 chopping
TTV formulae (Agol & Deck 2015), one still will find errors
at low eccentricity. This arises because e must be larger for
higher order resonances to be important, and in this case ne-
glected chopping terms at much lower powers of e may also
be important. Hence the N−th order TTV formulae above
may be of limited use, even if combined with other known
formulae.
As an exercise, we can use these formulae to confirm those
of Lithwick et al. (2012). In that case, N = 1, and
A1 = ge2 cos$2 + fe1 cos$1 = <(Z?free)
A2 = −ge2 sin$2 − fe1 sin$1 = =(Z?free)
B11 = f
B12 = 0
B21 = g
B22 = 0 (45)
setting Zfree = fe1ei$1 + ge2ei$2 , f = gj,k=1;N and g =
gj,k=0;N and approximating λ(transit)=0. The TTVs then are
δt1 = − 2
n1
2α
−1/2 1
j∆
[{
3(j − 1)
2j∆
α−3/2<(Z?free) + f
}
sin θj
+
{
3(j − 1)
2j∆
α−3/2=(Z?free)
}
cos θj
]
(46)
and
δt2 =
2
n2
1
(
1
j∆
)[{
3
2∆
<(Z?free)− g
}
sin θj
+
{
3
2∆
=(Z?free)
}
cos θj
]
(47)
with ∆ = (j − 1)/j(P2/P1)− 1.
In the Lithwick et al. (2012) paper, the TTVs are written in
the form
δt =
V
2i
eiθj + c.c
= <(V ) sin θj + =(V ) cos θj (48)
Equations (46) and (47) take that form if
V1 = −P1
pi
2
j∆
α−1/2
(
f +
3
2∆
(j − 1)
jα3/2
Z?free
)
V2 =
P2
pi
1
j∆
(
− g + 3
2∆
Z?free
)
(49)
which are equivalent to (A.28) and (A.29) of Lithwick et al.
(2012).
6. CONCLUSION
We have derived an expression for the TTVs of a pair of
planets near the j:j − 2 second order mean motion resonance
in the regime of low eccentricities. In this case, the TTV is
singly-periodic, with a frequency given by jn2 − (j − 2)n1,
with an amplitude linearly dependent on the mass of the per-
turbing planet, relative to the mass of the star, and with both
amplitude and phase dependent on a function of the eccentric-
ities and longitudes of pericenter. In this case, there are six
parameters but only four observables, yielding (in principle)
mass measurements but not unique eccentricity and pericen-
ter measurements. We show that the same is true for higher
order eccentricity-type resonances. This second result, how-
ever, may not be of (much) practical use since few pairs are
found very near high order mean motion resonances where the
formulae apply. However, it does illustrate that TTVs of sys-
tems near an N−th order resonance will appear with a period
given by the super period 2pi/|jn2 − (j − N)n1| and there-
fore that higher order eccentricity corrections to the TTVs of
planets near first order resonances appear at harmonics of the
fundamental (super) period = 1/|j/P2 − (j − 1)/P1|.
At a further level of approximation, which will be relevant
for low signal-to-noise data, we have shown that the TTVs of
two planets near a second order resonance are anti-correlated.
In this case, there is an explicit degeneracy between masses
and the combinations e1 cos$1 − e2 cos$2 and e1 sin$1 −
e2 sin$2. This result is analogous to that found for first order
resonances. We hypothesize that this basic result extends to
higher order resonances.
In order to alleviate the degeneracies between parameters
that result for near resonant systems, one must measure a dif-
ferent component of the TTV. This could be the chopping
signal associated with planet conjunctions, which primarily
depends on the masses of the planets, or, for a pair near the
k:k − 1 first order resonance, this could be the higher order
correction associated with the 2k:2k − 2 second order reso-
nance derived here. When modeling TTVs, we find it helpful
to consider the number of significantly measured observables
in a TTV (in terms of amplitudes, phases, etc. of different har-
monics) in comparison with the number of free parameters, in
light of intrinsic degeneracies which TTV formulae help to
illuminate.
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